College of Basic Education Research Journal, Special Issue, June 2026

College of Basic Education Research

Journal

https://berj.uomosul.edu.iq/

Determining the Stability Criteria for the Suggested

Ammar Saad Abduljabbar

Nonlinear Autoregressive Model

Anas Salim Youns
Salim Mahmoud Ahmad

University of Mosul, Department of Mathematics, College of Basic
Education, Mosul, Iraq.

Article Information

Abstract

Article history:

Received: October 25,2025
Reviewer: January 15, 2026
Accepted: January 15, 2026
Available online: June, 2026

Keywords:

Ozaki's Model;
Stability Conditions;
Regression Models.

Correspondence:
Anas Salim Youns

Email: anass.youns@uomosul.edu.iq

We present in this current study the stability properties of the model,
which primarily relies on methods derived from Ozaki's work. The
proposed mathematical simplification method makes nonlinear model
analysis more achievable through an approximate solution. Stability
conditions for the proposed model's behavior throughout time represent
the main focus of this research investigation. Many scientific disciplines,
including economics and biology, implement nonlinear models broadly
because these models offer effective solutions to complex dynamical
systems, which regular techniques find difficult to handle, along with
oscillatory and chaotic phenomena. The analysis of these systems
becomes simpler through localization at the non-zero point using Ozaki's
model, which allows the use of standard linear stability analysis
methods. Our investigation targets the singular point while developing
conditions that describe its stability range and determining the stability
rule for newly expected limit cycles. The theoretical findings undergo
verification through different numerical examples, which adhere to
derivative specifications .
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1. Introduction

Many previous researches and studies have used Ozaki's technique to
study and find the conditions for the stability of discrete-time nonlinear
models. Researchers Salim and Youns conducted a study on the nonlinear
model as presented in(A. Salim & Abdullah, 2014). Youns and Salim
found the stability for a nonlinear model that contains the hyperbolic
triangle function in(A. S. Youns & Salim, 2018). In (A. S. Y. Youns &
Salim, 2019), Youns and Salim examined a novel formulation of a
“nonlinear time series model” incorporating the hyperbolic secant
function. In (A. S. Youns, 2019), Youns developed a “nonlinear model
incorporating a fractional function”. Youns and Ahmad identified the
stability of the nonlinear time series model in (A. S. Youns & Ahmad,
2023). A "Nonlinear Autoregressive Model and found the Stability
conditions with Prediction" was proposed by Ahmad, Youns, and Hamdi
in (Ahmad et al., 2025). The "stability of exponential (GARCH) models"
was examined by Muhammad and Mudhir in (Mohammad & Mudhir,
2020). The "orbital stability of the log-logarithmic autoregressive model
with application" was proposed by Hamad and Mohammad in (Hamad &
Mohammad, 2025). Mohammad and Salim outlined a particular instance
of the "logistic autoregressive model," a polynomial autoregressive model
in (Mohammad & Salim, 2007)."Studying the stability by using local
linearization method" was the topic of Salim and Ebrahem's work in (A. J.
Salim et al., 2020). "Non-linear time series models and dynamical systems"
was an offer made by Ozaki in (Ozaki, 1985). "The statistical analysis of
perturbed limit cycle processes using nonlinear time series models" was
put forward by Ozaki in (Ozaki, 1982). The "stability conditions of the
Burr X autoregressive model" were examined by Khalaf and Mohammad
in (Khalaf & Mohammad, 2019). The " Stability requirements of the Pareto
AR model " were discovered by Hamdi, Mohammad, and Khaleel in
(Hamdi et al., 2018).

Based on the above, this study focuses on establishing stability
criteria for a proposed nonlinear model. Using a local linearization
approach, the research aims to identify the singular points and their
associated stability conditions, as well as the limit cycle stability conditions

of the proposed model.
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2. The Suggest Model:
The nonlinear suggest time series model is that:

We = Z?=1[Ci +di(e™ D) we; + g Wy # 0 (1)
where, ¢y,...,¢y; dy, ..., d, indicate a constant, {&; }is random noise.
3. Technical derivation for the proposed model:

Ozaki's local linear approximation was applied to the proposed
model, and stability requirements were determined.

3.1 Identify Z (singular point):
Consider the proposed first-order model, such as
we = [c; +di (et D) w,_ + e wim # 0 (2)
Hence,Z = f(Z), and the random noise & = 0 in (2). Then
Z =[c; +d(e ?2t))).Z
Since,(Z # 0), (dy # 0) and (¢, # 1).

Therefore
1 1—-
Z=—-(log(=H -1 3)
1
Where,

1_C1¢0,d1¢0.
The suggested model of order two

we = [ + di (e D) w_y + [cp + dy(e 721 ) wy, +
EyWi_1 0 4)

Whenever.

Z=[c; +d(e™?2t)]Z + [c, + d, (e ?2t)]Z

Therefore,

— _l 1_Zlg=1ci _
Z= =3 (og ("= ~ 1) (5)
Where,
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Equation (1)'s singular unique point was determined by using a method

similar to that of equations (3) and (5), so that

1 1_Z?=1 Ci

/ = —E(log(m) - 1)

Where,
A=3",¢)#0; (X0, d) #0

3.2 Singular point stability:

putws =Z+Z; , foralls =t;t—1;¢ =01 (2).

Since, Z; s = t,t — 1 1s exceedingly small, then Z;.Z;,_; = 0.
Also,Vs=t; t—1;Yyn =2 2,Z} -0

Hence, by applying the Taylor series expansion in (2), therefore

Z+7Z, = [c; + dy(e ?EH2e-D )| (Z +
Ze_q)

To obtain
Zt == [C1 + dl(l - ZZ)e_2Z+1]Zt_1
Or,

1-c
c1d1+(1-c1)dq log( dll)
t — d, ] t—1

Therefore

1

-C
c1d1+(1-c1)dq log( dll)

Zy =12 q;00 = d
1

(6)

(7)

(8)

(8)

)

Therefore, if the root of equation (8) lies in the unit circle, equation (9)

represents a stable first-order model.

I =la;] < 1.

The stability of the single point of equation (4) can be determined in a

similar manner to the stability condition for equation (2) above.

Therefore
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Z+7Z,=[c; +d(e?CH2e-DtNY(Z + Z,_1) + [c, +
dy (e 2EH 2N [(Z + 7, ) (10)

Then

Zt == [C1 + dl(l - ZZ)e_2Z+1 - 2d26_2Z+1Z]Zt_1 + [Cz +
d28_22+1]zt_2

Zy = ayZy g + ayZy (11)
Where,

a, = [c; +dy(1 —2Z)e %% — 2d,e722%17],; a, = [c, + dye 2211
The distinguishing equation

w-—r).(v-1r)=v’-a;(v)—a,=0.

Therefore,

a, = (r +1y),a, = —11>y.

Therefore, the roots of v2 —a,v—a, =0 arery, 75 .

Then, the condition that is stationary

(rl)<1 i=1;2.

The single stability condition of equation (1) is

p
Z, = [cy + dy (1 — 27)e 22+1 _ Z 2d,e~ 271 7)7, _,

j=2
p
+ Z[C] + dje_zz+1] Zt—j
j=2
3.3 The limit cycle
A period q limit cycle of wy = Wi Weyq; Weyg;...; Weyq, for suggested

model in the equation (2).
When wy is a point nearly a limit cycle is replaced
Vs=tt—1Lws=w;+2Z; ,6 =0.

we + Z; = [cq + dy (e T2Vt A0y (g +
Ze-1) (12)
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Then

Zt = [Cl + dle—ZWt_1+1(1 -
2wi_1)]Z¢-1 (13)

Let, t=t+q in (13)

Zt+q [Cl + dle Zwt+q 1+1(1 -
2Wt+q—1)]Zt+q—1 (14)

Therefore

Zt+q = H?=1[C1 + dle—ZWt+q—i+1(1 -

2Wiiq-1)12¢ (15)
Then

2] = (|MTeyyler + dye™2¥era-#2(1 = 2w )] <

1 (16)
Then, (16)

Zt+q

= ML, [c; + dye2Weri-*1(1 — 2w, ;_1)]| <
1 (17)

In the equation (4). the formula w; = w¢;...; Wiy , & = 0.
Let, wo = ws + Z,, Vs = t;t — 1;t — 2, to reach that:

We +Z; = [ + dy (e Wt 2=t DY (w g + Z, 1) + [cp +
dy(e 2We-1tZe-0t ) (w,_, + Z, ) (18)

Therefore

Zy = [c; + dye et (1 = 2wy g — 2wy p)] 2, + [cp +
d,(e™ W17, _, (19)

Put in (19), t=t+q , to reaches

Zivg = [c1 +die™® a1 (1 = 2wy g — 2Weiq-2)]Zpsgq + [c2 +
dy(e™?Wrra1t Y] Z, 0o (20)

Then, (20). 1s equal to

Zivg = H?=1[C1 +dye ?Wera-iti(1 — 2Wiyqoi — 2Wepq-+1) )4 +
[, e, + dye™2Wera-it]z, 21)
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Equation (21). is orbital stable when the stationary condition satisfied
that:

Z. _ .
) = |MEyler + dae ™o (1= 2wy — 2w )2 +
ioles + dye Witz | < 1 (22)

4. Numerical Examples

The examples in this paragraph demonstrate to identify a point for the
suggested first-order model to verify the Special criteria for both the
stabilization of a point, the stability of any potential limit cycle. In Example
1, the singular point is identified and meets the stability condition. Using
Matlab, we plot the model's trajectories with different initial values,
showing that the model stabilizes at the singular point, as illustrated in
Figure 1. Hence, the model is orbitally stable with no limit cycle. In
Example 2, the singular point was found but does not satisfy the stability
condition. Matlab is again used to plot the trajectories with various initial
values, revealing that the model does not stabilize at the singular point, as
shown in Figure 2. Consequently, the model is not orbitally stable but
meets the limit-cycle stability condition for a cycle of length q=2.

Example (1):
If, ¢, =09,d, =0.2,& = 0,1n (2) to reach
we =[0.9 +0.2(e 21t ) w,_;;w,_; # 0

Then, by using equation (3) to reaches that

1
dy

Hence; by used (9), then Z; = 0.8303Z;_, for Z = 0.8466 .

1
Z =~ (log( ) — 1) = 0.8466

In this case, the singular (stability) point is shown to be stable since a root
for preceding equation lies in a unity circle. The stability of the model is
shown in Figure 1 below for a range of beginning values.
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Orbits of w(i)=({(0.9)+((0.2)"exp(-2"wii-1)+1))))"(wii-1));

L] S Beannoenes w(1)=-1.001 |
i : ; : w(1)=0.1
! ! w(1)=1
[ S e e e ——
05 F...:..............._________5 ____________________________________
o AR St Sy
05 7. 777777777777777777777777
1 L_L.l ________________________
B S e SOSREEIEERI SERRRRRR
1 1 1 1 1 |
0 50 100 150 200 250 300

Figure 1: Z =0.8466 is a stable singular point with various initial values.
Example (2):

Whenever, ¢; = —0.3,d; = 2.5,&; = 0,1n (2) to reach w;, = [—0.3 +
(2.5)(e™ "1 D) weg;weq # 0
Then, by using equation (3) to get that
d -1.6 . —-l6 0.77
c; — D == SHos9 -1 = S50 =

Since, Z = 0.097 , and used (9), to found Z; = (—1.059)Z;_; .

zZ=(

z 1s unstable because the root of the previous equation is located outside
the unit circle. The instability of the model with different initial values is
shown in Figure (2) below.

Orbits of w(i)=(((-0.3)+((2.5) exp(-2*w{i-1)+1))))(w(i-1));

Al H— wi{1)=1.001 |
' ' ; ; w(1}=0.1
H i w(1)=1
T S s oo o
1 1 | 1 1 |
0 5 10 15 20 2 30
t

Figure (2). Z=0.77 is a not stable singular point with various initial
values.
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The limit cycle of period =2 which is {x, = 1.1,x; = 0.5,x, = 1.1 =
Xo}-
Then, by used (16) we get

Ztyr

Zs = |l_[i2=1[_0'3 + 2'56_2Wt+2_i+1(1 - 2Wt+2—i)]| =
|[1.2036][—0.3]| = 10.3611| < 1

Then, the limit cycle is stable.

6. Conclusions

1- The study introduces a nonlinear autoregressive framework made up
of a linear component alongside a nonlinear term (expressed via a
specific nonlinear function), and it derives the criteria ensuring both
singular-point stability and the existence of a limit cycle for this
model.

2- In Example 1 of the study, we present a numerical case that fulfills
the proposed model’s singular-point stability requirements.

3- In Example 2 of the research, we demonstrate a numerical instance
that meets the limit-cycle stability criteria for the model.
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