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In our study we examine definition of strongly y -regular rings
and associates, investigate interplay between strongly y - regular rings
and other reduced rings. We also study GP — injective modules, and
discuss its relation with strongly y-regular rings. some important results
are secured. Using the connotation of strongly vy-regular rings .
researchers concluded:

1- If K be a right semi-duo semi-RG-R satisfying condition (*) and K
/a K be P —injective for every element a of K. Then K is a strongly
v -RG-R.

2- For a ring K is a reduced satisfying condition (*) and every
maximal ideal of K is a right annihilator, then K is strongly y -RG-
R.

3- Let K be a ring satisfying condition (*). Then K is strongly y - RG-
K if every right K module is GP-injective.

4- Let K be a reduced ring satisfying condition (*). Then the center of
K is strongly y - RG-R if K is a right GP-injective ring.
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1. Introduction

Rings are algebraic structures that are closed under two binary operations:
addition and multiplication. The elements of a ring satisfy specific defining
axioms. In this work, & denotes an associative ring with unity, and the modules
considered are unitary right modules. & - .The symbol RG-R will stand the
regular ring. The notion of Von Neumann RG-Rs was initially presented by Von
Neumann in 1936.( Von Neumann,1936) , called is RG — R (resp. strongly RG-R )
if for everya € &, has an inner inverse b € & in the sense that a=a b a . (resp.
a=a’ b= ba?).See (Kim, et. al,2024) and (Muhammad& Wahyuni,2023).In (Al-
Kouri1,1996), gave the present definition of n — RG — R 1s a ring if for every ae %,
there is an n where a" = a" ba" is regular. Following (Mohammad & Salih,2006),
introduced the concept of y - RG-Rs and showed that any RG—Rs 1S y— RG—Rs
also showed the relation between y — RG — Rs and strongly RG-Rs. Some of the
important achievements on certain properties of & is a right (left) semi-duo, iff,
any principal right (left) ideal of & 1s a two-sided ideal generated by the same
element ( Yu,1995). ( Azumya,1954) Strongly mn—RG—-R is a ring & in which
everyae &, there is b € & and a positive integer n where a" = a™' b. For more
details see ( Chen, et al , 2014), (Danchev,2024), (Nandakumar, et al, 2019) and (
Wardayani, et al, 2020). A ring & is ERT- ring ( Ibrahim, 2004) if for each
essential right ideal of &, there is two — sided. Following ( Shuker,1994), a ring &
i1s a right (left) semi—RG—R ifvae R, there is b € & where a=ab(ba) and
r(a) = r(b) [1(a) = 1(b)]. We extend the notion of a right semi — RG — R to a right
semi— TRG—R a ring & is right semin—RG 1f and only if any ae §there is a
positive integer n and an elements bin & where a® =a" b and r@®) = r(b) (
Shuker,1994) . & is semi-prime if it contains no non zero nilpotent ideals . A ring
% 1s said to be a semi-commutative ring if whenever a,b € & such thatab = 0, then a
). Salih,2006& Mohammad commutative ring.(-.Every reduced ring is semi= 0b &
respectively. r(a)and'i(a)ts right and left annihilators are denoted by & = & \ {0}
This paper consists of three items dealing in the second item study where &
strongly y — RG satisfying (*) condition and we get relationship between this rings
and other ring. In third we discuss a GP — injective when is & strongly y - RG-R.
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2. Some result in Strongly Y-Regular Ring
Definition 2.1 ( AL- Hiss0,2009)

A ring & is called strongly y — RG —R if vae & there is bin & sense thata=a?>b"
where n is a positive integer.

A ring & is called strongly y — RG —R if every element of & is strongly y -regular
element. For a strongly y—RG—R &, then one may choose a=a? b* and one
has,a=a?b*= p"a? .

Every stronglyy —RG—R is a strongly RG—R, however, the converse is not
generally true, for examples the ring (@, +,.) of rational numbers, the rational
(real) and a quadratic field are strongly regulars but not strongly y -regulars.

Definition 2.2. ( Mohammad & Salih,2006)

We say that a ring & satisfies condition (*) if every 1#a € & and b € &, sense
that ab = b™a ,where m>1 is a positive integer . Therefor every quasi-
associative ring if satisfying condition (*) .

Theorem 2.3. Let & be a reduced ring that satisfies condition (*).Then the
following statements are equivalent:

1. isstrongly y — RG—R.
2. % s strongly m— RG—R
3. iSm— RG—R.

Proof.

1=2: Since & is strongly y — RG —R, then by [(Mohammad & Salih,2006);
Theorem 5.6] & is y —RG—R, and since & satisfying condition (*) then by
[(Mohammad & Salih,2006); Theorem 4.6] RisRG —R, and since & is reduced,
then by (1) Proposition (2.2.4) & is strongly m — RG — R.

2=1: Since & is a strongly n — RG — R, then for everya € &, there exists be &
and a positive integer n such that a® = a™*' b. implies that a”(1 —ab) = 0. Then
(1—ab) er(a®) = r(a) [(Al-Kouri,1996); Lemma (2.1.9)] a(1 — ab) = 0.
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Hence a = a? b. Therefore & is strongly RG — R. Since & satisfying condition (*) then
by [(Mohammad & Salih,2006), Theorem. 5.4] & is strongly y — RG —R.

1=3: Since & is strongly y — RG — R satisfying condition (*) ,then R is strongly
m— RG— R, then by [(Al-Kouri,1996); Corollary (2.2.7) $ism— RG— R.

3=1 Trivial.

Theorem 2.4. Let & be a reduced ring satisfying condition (*) then the following
are equivalent:

1. & is strongly y — RG —R.
2. 1s aright semi — RG — R.
Proof.

=2 Let & be stronglyy —RG —R. By [(Mohammad & Salih,2006), Theorem 5.6]
% 1S y —RG—R, and since R satisfying condition (*), by [(Mohammad &
Salih,2006) ,Theorem 4.6] % is RG-R. In [(Shuker,1994) , Lemma 2.3] & is a right
semi — RG — R.

2=1 Since & is a right semi — RG — R , As in [(Shuker,1994),Theorem 3.2] r(a) is
direct summand for all a in &, and since & satisfying condition (*), so
fisy —RG —R, and since & is reduced, so [(Mohammad & Salih,2006), Theorem
5.7] Kis stronglyy —RG—R.

Theorem 2.5. Let & be a left semi-duo ring satisfying condition (*). Then & is a
strongly y — RG —R if for any a e fthen a"R is a right semi-regular ideal , where
n 1s a positive integer .

Proof.

Suppose that ae &, let n be a positive integer such that a" R is a right semi-
regular ideal, then there exists y € a® & such that a” = a”y and r(a™) = r(y). Since &
i1s a left semi-duo ring, so a"& = %a". But ye a” &, then ye %a® , hence
y = a®z = ba® for some z b € &. Thereforea® = a®ba®. Thus &ism— RG — R. Since
. ¥ — RG —Ris strongly $satisfying condition (*), in [Theorem 2.3] %

Theorem 2.6. If & be a right semi-duo semi — RG — R satisfying condition (*) and
% /afibe P —injective for every element a of &. Then & is a strongly y — RG —R.

Proof.
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Since & is a right semi-duo semi — RG— R and & /a & 1S P — injective for all a € %, and
[(Shuker,1994),Corollary 2.6] we have & is strongly RG — R and since & satisfying
condition (*) then in view of [(Mohammad & Salih,2006),Theorem 5.4] & is

stronglyy —RG —R.

Theorem 2.7. Let & be reduced satisfying condition (*), if P a special prime
ideal of a ring &, and if & /P is a right semi-regular. Then & 1s strongly y — RG —R.

Proof.

Since P is a special prime ideal of a reduced ring & and & /P is a right semi-
regular thus, owing to [(Shuker,1994), Theorem 3.2] & is a right semi — RG — R,
and since & satisfying condition (*) then from [Theorem 2.4] =&
1S strongly y — RG — R.

Theorem 2.8. For a ring & is a reduced satisfying condition (*) and every
maximal ideal of & is a right annihilator, then & is strongly y — RG —R.

Proof.

Let a e &, we shall prove that a" & + r(a") = . If not, there exists a maximal
right ideal M containing a"R + r(@").If M = r(b) for some 0= & we have
belld"®& +r@M] c1@” = r@", which
impliesb € M = r(b),thenb?= 0andb = 0, a contradiction. Therefore a™ r &
(a") = &. In particular a" ¢ + d = 1, with c€ & and d€ r (a"), thena®ca” = a", which
proves $ism— RG—R, and since & satisfying condition (*)in view of [Theorem
2.3] fisstronglyy — RG —R.

Theorem 2.9. For a ring & be a duo rings satisfying condition (*). Then
$iisstronglyy — RG—R if for any a € & then a® =u e for some unites ue & and
some idempotent €€.&

Proof.

Let a be an element in &, and let a" = ue for some unit ue & and some
idempotent e€, but "a''u "e= a ™. auis the inverse of u™*, where a*!"e = u. Hence %
a"=u e so a" e =ue. e =ue =a". Hence a" = a" u'a" .Thus & is ©-RG-R, and since &
satisfying condition (*) Therefore, with the aid of [Theorem 2.3]
Sisstronglyy —RG—R

Theorem 2.10. Let & be an ERT- ring satisfying condition (*). Then & is
stronglyy — RG — R if & is a fully right idempotent.

255



College of Basic Education Researchers Journal, Volume (21) Issue (4) December 2025

Proof.

For all b e & then & = b & + sis essential in & with some right ideal s. Now since
b € (R b &§)b c &b, then we have b = (ba+s)b, for some ae & and s € K. then
b—bab =sb e€sN Kb = {0}. Thereforeb = bab, and hence & is regular. Since

% satisfying condition (*)in view of [(Mohammad & Salih,2006), Theorem 5.5]
Risstronglyy —RG—R

Remark 2.11.

Every strongly y — RG —Risy — RG— R, However, the converse does not hold in
general. For instance, consider the ring R, ., (Z) of2x2 matrices over that ring

1 17.
Z,isy — RG — R but not stronglyy — RG — R because the element [1 1] 1S y — regular

element but not strongly y —regular element.

3. Relation between Strongly Y ~ regular ring and GP -Injective

In this section we investigate the relatedness between right GP -injective with
strongly y — RG — R.

Definition 3.1

A right s—module M is referred to as generalizedP-injective(abbreviated as Gp-
injective) if for any element in &, where a positive integer n then " = 0 and
every right & - homomorphism of " §at M extends to one of & into m. For
more details see (Chen, et al,2005) and [(Kim& Lee,2011), (Abed, et al, 2022)].

Theorem 3.2. If & be a reduced ring where satisfying condition (*) for any
maximal right ideal is GP — injective Then is an strongly y — RG — R.

Proof.

Let a € & . We Assume that o" & + r(a") = &. If not, A maximal right ideal M
exists containing a™ & + r(a"). Letf:a® & — M be canonical injective define by
F(a"b) = a"b for everyb € &. Since M 1S GP — injective then there exists se &
such thatf(a" b) = sa™ b.Therefore
a" = F(a") =sa". Thusi—sei(a") = r(a*) € m, which implies 1e M, a
contradiction. Hencea" & + r (a") = %. In particular a"s + d = 1 for some se &
and d € r(a"),so a"sa® = a".Thereforesatisfying %. Since Sism— RG—R

condition  (*), then by [Theorem  2.3] K is strongly y — RG — R.
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Theorem 33. Let & be a ring satisfying condition (*). Then
S is strongly y — RG — & 1f every right & module is GP — injective.

Proof.

Let o" & 1s a principal right ideal of & and let a" & is GP — injective. For any a € %,
consider the identity mapping f:a" & — o* %. Since a" & is GP-injective, then
there exists se a®& such that f(a"b) = sa™b for all be&. Then
a" = F(a") = sa". Since se a" K, then s = a"r for some r € &, and hence
a" = a"ra". Thus $ism— RG —R. Since & satisfying condition (*),by [Theorem
2.3] Kisstrongly y — RG —R.

Theorem 3.4. Let & be a right duo - ring satisfying condition (*) with any simple
right & -module is GP — injective. Then & is strongly y — RG — R.

Proof.

Since & be a right duo-ring and every simple right & -module is GP — injective, in
view of [(Shuker & Mahmood,1994), Theorem 2.4.2] S ism — RG — R, and since &
Satisfying condition (*) by [Theorem 2.3] % is strongly y — RG — R.

Theorem 3.5. Let & be a ring satisfying condition (*) and for every a in & ,
§ /1 (a") is GP-Injective. Then & is strongly ¥y — RG — R.

Proof.

Let « be a non-zero element in R. Define a right & -homomorphism
F:a"® — S/r(@)byF(a*x) = x + r(a")forall xe &, where I is well defined ,
let a"x, = a“x, , for any two elements x,, x, € & thena" (x; — x,) = 0,s0x, — x,€E
r (™) and hence £ (a"x,) = x, + r(a") = x, + r(a®) = ¥ (a" x,).

Since K /1 (a") is GP-1njective, SO if s € R then
F(@a"x) = (s + r(a®) a*x = sa”x + r(@).Now F(a") =1 +r(a") = sa” + r(a"),
which implies1 — sa™ € r(a") .Sea” = a"sa". Hence ism — RG — R . If & satisfying
condition (*), and notice that using [Theorem 2.3] & is strongly y — RG — R.

Theorem 3.6. Let & be a reduced ring satisfying condition (*). Then the center of
% 1s strongly y - RG-R if & is a right GP-injective ring.

Proof.

Let C the center of
R,0=seCandletu €£(r(s")) = £(r(8s")).Definet:s"K — Risa right " —
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homomorphism by f(s"x) = uxvx € &, then F is well -defined, indeed, let s"
x, = s"x, for any two elements X, X, in &, thens” (x, — x,) = 0,
soxX; — %, € r(s™)Sincer (s®) =r (£(r(s™)) er(u),then x — x, € r(u) implies
u(x, — x,) = 0 Hence ux; = ux,. Therefore f (s®x,) = ux, = ux, = ¥ (s"x,). Now,
since % is GP-injective, then there exists be & such that ux = F(s®x) = bs"x.
now, u = ¥ (s™) = bs"e fs® Thus £ [(T (s*)] = &s™ Sincer (s*) < r(s™'), then

n

s" = ds"™' for some de &, therefore s is strongly m— RG—R , and since &

satisfying condition (*) and notice that wusing [Theorem 2.3]
sisstronglyy — RG —R.

4. Conclusion

Our aim in this work is to study strongly y - regular rings when ring & is
associative ring with unity and clarify some important properties. Finally study
GP — Injective and its relationship with strongly y -regular rings.
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