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             In our study we examine  definition of strongly γ -regular rings 

and associates, investigate  interplay between strongly γ - regular rings 

and other reduced rings. We also study GP – injective modules, and 

discuss its relation with strongly γ-regular rings. some important results 

are secured. Using the connotation of strongly γ-regular rings . 

researchers concluded: 

1-  If K be a right semi-duo semi-RG-R satisfying condition (⁕) and K  

/a K be P –injective for every element a of  K. Then K is a strongly  

γ -RG-R. 

2-  For a ring K is a reduced satisfying condition (⁕) and every 

maximal ideal of K is a right annihilator, then K is strongly γ -RG-

R. 

3-  Let K be a ring satisfying condition (⁕). Then K is strongly γ - RG- 

K if every right K module is GP-injective. 

4-  Let K be a reduced ring satisfying condition (⁕). Then the center of 

K is strongly γ - RG-R if K is a right GP-injective ring. 
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   - الحلقات المنتظمة القوية من النمط
 الل  بيداء سهيل عبد                                      لمى احمد خليل

 ، الموصل، العراق.الصرفةكلية التربية للعلوم   ،الرياضياتقسم  ،الموصلجامعة 
 المستخلص  

والعلاقة بينهاا وياين الحلقاات اى ار    -يهدف البحث الى دراسة تعريف الحلقات المنتظمة القوية من النمط    
و -وأوجااد ا العلاقااة بينهااا ويااين الحلقااات المنتظمااة القويااة ماان الاانمط  –المختزلااةو ودراسااة المقاسااات المااامرم ماان الاانمط

 : -وتوصل البحث الى بعض النتائج المهمة بدىلة الحلقات المنتظمة القوية من النمط

  –ها  ااامرم مان الانمط  وان  )⁕(ديو يمنى لحلقاة البابه المنتظماة تحقاط شار   -حلقة شبه  كا ت  إذا .1
 و -ه  حلقة منتظمة قوية من النمط  فان  ف   لكل عنصر 

ها  حلقاة منتظماة قوياة مان  ها  تاالا ايمان فاان  فا   أعظا مثاال   وكال )⁕(حلقاة مختزلاة تحقاط شار    لتكن  و2
 و -النمط 

كاان كال مقااي ايمان ها  ااامرم مان  إذا -ه  حلقة منتظمة قوياة مان الانمط  فان  )⁕(حلقة تحقط شر    لتكن  و3
 و النمط 

حلقاة ااامرم  كا ات  إذا -ه  حلقة منتظمة قوية مان الانمط فان مركز   )⁕(حلقة مختزلة تحقط شر     لتكن  و4
 ومن النمط 

 

  .- المقاسات المامرم من النمط، -الحلقة المنتظمة القوية، الحلقة المنتظمة من النمط الكلمات المفتاحية: 
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1. Introduction   

Rings are algebraic structures that are closed under two binary operations: 

addition and multiplication. The elements of a ring satisfy specific defining 

axioms. In this work,  denotes an associative ring with unity, and the modules 

considered are unitary right modules.  - .The symbol RG-R will stand the 

regular ring. The notion of Von Neumann RG-Rs was initially presented by Von 

Neumann in 1936.( Von Neumann,1936) , called is  (resp. strongly RG-R ) 

if for every , has an inner inverse   Ƅ ∈  in the sense that a=a Ƅ a . (resp. 

 .See (Kim, et. al,2024) and (Muhammad& Wahyuni,2023).In (Al-

Kouri,1996), gave the present definition of   is a ring if for  every , 

there is an n where  is regular. Following (Mohammad & Salih,2006), 

introduced the concept of  - RG-Rs and showed that any  is   

also showed the relation between  and strongly RG-Rs. Some of the 

important achievements on certain properties of  is a right (left) semi-duo, iff, 

any principal right (left) ideal of  is a two-sided ideal generated by the same 

element ( Yu,1995). ( Azumya,1954) Strongly  is a ring  in which 

every , there is  and a positive integer n where  Ƅ. For more 

details see ( Chen, et al , 2014), (Danchev,2024), (Nandakumar, et al, 2019) and ( 

Wardayani, et al, 2020). A ring   is ĘRT- ring ( Ibrahim, 2004) if for each 

essential right ideal of  there is two – sided. Following ( Shuker,1994), a ring  

is a right (left)  if , there is  where  and 

 . We extend the notion of a right  to a right 

 a ring  is right  if and only if any there is a 

positive integer  and an elements  where   and  ( 

Shuker,1994) .  is semi-prime if it contains no non zero nilpotent ideals . A ring 

 is said to be a semi-commutative ring if whenever such that , then a  

). Salih,2006& Mohammad  commutative ring.(-.Every reduced ring is semi= 0Ƅ 

respectively.  ts right and left annihilators are denoted by 

This paper consists of three items dealing in the second item study where  

strongly  satisfying (⁕) condition and we get relationship between this rings 

and other ring. In third we discuss a  – injective when is  strongly γ - RG-R. 
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2. Some result in Strongly -Regular Ring 

Definition 2.1 ( AL- Hisso,2009)  

A ring  is called strongly  if   there is  sense that  Ƅ n 

where n is a positive integer. 

A ring  is called strongly  if every element of  is strongly  -regular 

element. For a strongly  then one may choose   and one 

has  . 

Every strongly  is a strongly , however, the converse is not 

generally true, for examples the ring (  of rational numbers, the rational 

(real) and a quadratic field are strongly regulars but not strongly  -regulars. 

Definition 2.2. ( Mohammad & Salih,2006) 

We say that a ring  satisfies condition (⁕) if every  , sense 

that  ,where  is a positive integer . Therefor every quasi- 

associative ring if satisfying condition (⁕) .  

Theorem 2.3. Let  be a reduced ring that satisfies condition (⁕).Then the 

following statements are equivalent: 

1.  is strongly  

2.  is strongly   

3.  is  

Proof.   

1⟹2: Since  is strongly , then by [(Mohammad & Salih,2006); 

Theorem 5.6]  is , and since  satisfying condition (⁕) then by 

[(Mohammad & Salih,2006); Theorem 4.6] , and since  is reduced, 

then by (1) Proposition (2.2.4)  is . 

2⟹1: Since  is a strongly , then for every , there exists  

and a positive integer n such that . implies that  .  Then 

 [(Al-Kouri,1996); Lemma (2.1.9)] .  



College of Basic Education Researchers Journal, Volume (21) Issue (4) December 2025 

254 

 

Hence  Ƅ. Therefore  is . Since  satisfying condition (⁕) then 

by [(Mohammad & Salih,2006), Theorem. 5.4]  is strongly .  

1⟹3: Since  is strongly  satisfying condition (⁕) ,then  is strongly 

, then by [(Al-Kouri,1996); Corollary (2.2.7)  . 

3⟹1 Trivial. 

Theorem 2.4. Let  be a reduced ring satisfying condition (⁕) then the following 

are equivalent: 

1.  is strongly  

2.  is a right  

Proof.  

1⟾2 Let  be strongly .  By [(Mohammad & Salih,2006), Theorem 5.6] 

 is , and since R satisfying condition (⁕), by [(Mohammad & 

Salih,2006) ,Theorem 4.6]  is RG-R. In [(Shuker,1994) , Lemma 2.3]  is a right  

. 

2⟾1 Since  is a right  , As in [(Shuker,1994),Theorem 3.2] r(a) is 

direct summand for all a in , and since  satisfying condition (⁕), so 

, and since  is reduced, so [(Mohammad & Salih,2006), Theorem 

5.7]  .  

Theorem 2.5. Let  be a left semi-duo ring satisfying condition (⁕). Then  is a 

strongly  if for any  then   is a right semi-regular ideal , where  

 is a positive integer . 

Proof. 

Suppose that  , let  be a positive integer such that  is a right semi-

regular ideal, then there exists  such that  and  Since  

is a left semi-duo ring, so  But , then   , hence  

 for some . Therefore . Thus . Since  

. is strongly  satisfying condition (⁕), in [Theorem 2.3]   

Theorem 2.6. If be a right semi-duo  satisfying condition (⁕) and 

 –injective for every element a of  . Then  is a strongly  . 

Proof. 
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Since  is a right semi-duo  and  is  for all , and  

[(Shuker,1994),Corollary 2.6] we have  is  and since  satisfying 

condition (⁕) then in view of [(Mohammad & Salih,2006),Theorem 5.4]  is 

.  

Theorem 2.7. Let  be reduced satisfying condition (⁕), if Ƥ a special prime 

ideal of a ring , and if  is a right semi-regular. Then  is strongly  

Proof. 

Since  is a special prime ideal of a reduced ring  and  is a right semi-

regular thus, owing to [(Shuker,1994), Theorem 3.2]  is a right , 

and since  satisfying condition (⁕) then from [Theorem 2.4]  

is .  

Theorem 2.8. For a ring  is a reduced satisfying condition (⁕) and every 

maximal ideal of  is a right annihilator, then  is strongly  

Proof.  

Let , we shall prove that . If not, there exists a maximal 

right ideal  containing n n  for some  we have 
n n n n  which 

implies 2 , a contradiction. Therefore an+ ґ    

(an) = . In particular an c + d = 1, with c∈  and d∈ ґ (an), then , which 

proves , and since  satisfying condition (⁕)in view of [Theorem 

2.3] .  

Theorem 2.9. For a ring  be a duo rings satisfying condition (⁕). Then 

 if for any  e for some unites  and 

some idempotent e∈.    

Proof.  

Let  a be an element in , and let  for some unit  and some 

idempotent e∈, but na1-u ne= a n. a is the inverse of  , where 1- . Hence    

an=u e  so an e = ue. e =ue =an. Hence an = an u-1an  .Thus  is π-RG-R, and since  

satisfying condition (⁕) Therefore, with the aid of [Theorem 2.3] 

.  

Theorem 2.10. Let  be an ĘRT- ring satisfying condition (⁕). Then   is 

 if  is a fully right idempotent. 
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Proof.  

For all is essential in  with some right ideal s. Now since 

 , then we have   , for some  and . then 

   . Therefore , and hence  is regular. Since 

 satisfying condition (⁕)in view of [(Mohammad & Salih,2006), Theorem 5.5] 
 

Remark 2.11. 

Every strongly , However, the converse does not hold in 

general. For instance, consider the ring  matrices over that ring 

 but not  because the element  is  

element but not strongly regular element. 

3. Relation between Strongly  regular ring and  -Injective 

In this section  we investigate the relatedness between right  -injective with 

strongly  

Definition 3.1 

A right –module  is referred to as generalized -injective(abbreviated as -

injective) if for any element  in , where  a positive integer n  then  and  

every  right  - homomorphism of  extends to one of  into . For 

more details see (Chen, et al,2005) and [(Kim& Lee,2011), (Abed, et al, 2022)]. 

Theorem 3.2. If  be a reduced ring where satisfying condition (⁕) for any 

maximal right ideal is  Then is an  

Proof. 

Let  . We Assume that . If not, A maximal right ideal  

exists containing .  Let   be canonical injective define by 

 for every . Since  is  then there exists  

such that .Therefore 

.Thus , which implies , a 

contradiction. Hence . In particular  for some  

and .Thereforesatisfying  . Since   

condition (⁕), then by [Theorem 2.3] . 



College of Basic Education Researchers Journal, Volume (21) Issue (4) December 2025 

257 

 

Theorem 3.3. Let  be a ring satisfying condition (⁕). Then 

 if every right  module is . 

Proof. 

Let  is a principal right ideal of  and let  is . For any , 

consider the identity mapping . Since  is -injective, then 

there exists  such that   for all . Then 

. Since , then  for some , and hence 

. Thus . Since  satisfying condition (⁕),by [Theorem 

2.3] . 

Theorem 3.4. Let  be a right duo - ring satisfying condition (⁕) with any simple 

right  -module is . Then  is  

Proof. 

Since  be a right duo-ring and every simple right  -module is , in 

view of [(Shuker & Mahmood,1994), Theorem 2.4.2] , and since  

Satisfying condition (⁕) by [Theorem 2.3]  

Theorem 3.5. Let  be a ring satisfying condition (⁕) and for every  in  , 

-injective. Then  

Proof. 

Let  be a non-zero element in R. Define a right  -homomorphism  

, where Ғ is well defined , 

  , for any two elements  then , so ∈ 

 and hence   

Since -injective, so if   then 

Now  

which implies . Hence  . If  satisfying 

condition (⁕), and notice that using [Theorem 2.3]  

Theorem 3.6. Let  be a reduced ring satisfying condition (⁕). Then the center of 

 is strongly  - RG-R if  is a right -injective ring. 

Proof. 

Let C the center of 

 right  
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homomorphism by , then Ғ is well -defined, indeed, let ꞩn 

 for any two elements ,  

Since then  implies 

 Hence . Therefore  Now, 

since -injective, then there exists   such that . 

now, . Thus ℓ [(ґ Since    then 

for some , therefore  is strongly  , and since  

satisfying condition (⁕) and notice that using [Theorem 2.3] 
 

 

4. Conclusion 

Our aim in this work is to study strongly  - regular rings when ring  is  

associative ring with unity and clarify some important properties. Finally study 

 – injective and its relationship with strongly  -regular rings. 
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